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This thesis reviews the analytic bootstrap program for conformal field theories at finite temper-
ature, as proposed in [1]. We discuss how the analytic structure of thermal correlation functions
constrains the thermal data. First, we analyze the thermal two-point function at zero spatial sep-
aration and derive an exact formula using dispersion relations. Next, we extend this analysis to
non-zero spatial separation. To reconstruct the full correlator, we employ a construction that explic-
itly sums the result of the dispersion relation over all periodic images to enforce periodicity. We note
that this approach does not automatically guarantee the clustering condition at large distances, so it
must be verified on a case-by-case basis. Applying this framework, we analyze the O(N) model and
provide a rigorous mathematical proof for the asymptotic behavior of heavy operator coefficients.
Finally, we numerically determine the thermal one-point function coefficients for the 3d Ising, XY,
and Heisenberg models, reproducing established results from [2].
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I. INTRODUCTION

The unification of quantum mechanics and special rela-
tivity into the framework of quantum field theory (QFT)
is one of the most significant achievements in modern
physics. QFT provides a universal language that de-
scribes physical phenomena across vast scales, from the
fundamental interactions of elementary particles to the
collective behavior of condensed matter systems.

Among the various types of QFTs, Conformal Field
Theories (CFTs) occupy a particularly important posi-
tion. Characterized by their invariance under scale and
conformal transformations, CF'Ts appear in various con-
texts of theoretical physics. They correspond to fixed
points in the renormalization group (RG) flow and de-
scribe the universality classes of second-order phase tran-
sitions in statistical physics. Furthermore, through the
holographic principle, a conjectured duality between a
quantum gravity theory in (d + 1)-dimensional Anti-de
Sitter (AdS) space and a d-dimensional CFT, CFTs also
play a crucial role in the understanding of quantum grav-
ity [3].

Although CFTs are defined by exact conformal sym-
metry, their applicability extends naturally to systems at
finite temperature (' > 0). Understanding thermal CFTs
is crucial to bridge theoretical frameworks with physical
phenomena in a wide range of physical settings, among
which the following two areas are of particular interest.

First, in the context of quantum criticality, experimen-
tal probes of quantum phase transitions necessarily occur
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at non-zero temperatures. At quantum critical points, the
characteristic energy scale vanishes, making the temper-
ature the dominant scale. In this quantum critical region,
the physics is described by a thermal CFT, where ther-
mal fluctuations interact intricately with quantum fluc-
tuations. Accurate theoretical predictions for this regime
are essential for interpreting experimental data in con-
densed matter systems.

Second, in the context of the holographic principle, in-
troducing a finite temperature to the boundary CFT cor-
responds to placing a black hole in the bulk AdS space-
time. Due to Hawking radiation, black holes are thermal
objects, so the CFT at the boundary should inherit this
thermal behavior. Thus, the study of thermal effects in
strongly coupled CFTs provides a method to investigate
the thermodynamics of black holes and quantum gravity
[4]. In recent years, it has been demonstrated that holo-
graphic thermal two-point functions can be computed
using CFT techniques, particularly the conformal boot-
strap [5-7].

Initially, it was proposed in [8] that the Kubo-
Martin-Schwinger (KMS) condition imposes constraints
on finite-temperature dynamics. This idea was realized
in [9], which computed thermal one-point function data
for generalized free field theory and the O(N) model at
large N, and further developed a perturbation theory for
thermal data in the large spin, low-twist spectrum. Sub-
sequently, [10] computed the thermal one-point function
data for the 3d Ising model. More recently, [2] numeri-
cally determined the one-point function data for the 3d
Ising, XY, and Heisenberg models; this thesis will also
reproduce these results.

The analytic bootstrap is a method that determines
conformal data from the discontinuity of correlators by
using the analytic structure as a new constraint. The
two primary tools for this approach are the Lorentzian
inversion formula [11, 12] and dispersion relations [13],
which are known to be equivalent. In the context of finite-
temperature CFTs, relevant developments include the in-
version formula proposed in [10] and the dispersion rela-
tion introduced in [14].

In [1], which we review here, the authors employed
this thermal dispersion relation to develop a novel for-
mula for the thermal two-point function. This formula
exhibits several advantageous properties: it is convenient
to apply, physically sound, and explicitly captures non-
perturbative contributions. Following [1], we will derive
these formulas for the thermal two-point function. Us-
ing this formula, we determine the asymptotic behavior
of the thermal OPE coefficients for heavy operators and,
subsequently, reproduce the results of [2].

The organization of this thesis is as follows. In Chap-
ter II, we review the necessary conformal field theory
background. We begin with the foundations of conformal
field theory in dimensions d > 2, covering the confor-
mal algebra, radial quantization, and the Operator Prod-
uct Expansion (OPE). We then introduce the Matsubara
formalism for finite-temperature field theory and explain

the Kubo-Martin-Schwinger (KMS) condition, which im-
poses periodicity in imaginary time. Chapter III estab-
lishes the framework for CFTs at finite temperature. We
discuss how the temperature scale breaks conformal sym-
metry, leading to non-vanishing thermal one-point func-
tions. We introduce the thermal conformal blocks and
explain how the periodic geometry of the thermal cylin-
der acts as a constraint on the correlation functions. We
also briefly discuss Generalized Free Field (GFF) the-
ory as a baseline example. In Chapter IV, we present
the main results of the analytic thermal bootstrap. We
first analyze the thermal two-point function at zero spa-
tial separation (z = 0) and derive an exact formula using
dispersion relations. We then extend this method to non-
zero spatial separation (z # 0) by introducing the gen-
eralized method of images. We apply this technique to
the O(IN) model. Furthermore, we mathematically prove
the asymptotic behavior of heavy OPE coeflicients and
use this to numerically determine the thermal data for
the 3d Ising, XY, and Heisenberg models. Finally, Chap-
ter V summarizes our conclusions and discusses future
research directions.

II. PRELIMINARIES

A. Conformal field theory on R%?

The discussion on conformal field theory presented
here combines the mathematical foundations from [15]
with the modern bootstrap perspective reviewed in [16].

1. Conformal transformations

Let (M, g) and (N, h) be two pseudo-Riemannian man-
ifolds of the same dimension d. A conformal transforma-
tion is a smooth mapping ¢ : (M, g) — (N, h) of maximal
rank such that the metric is invariant up to a local scale
factor Q € C°(M,R+o)

©*h = 0g, (1)

where 2 is called the conformal factor of ¢. In local co-
ordinates, for x € M,

(" Whol@) = his (0(@)Bup'0ue’, ()
thus,
hale@) 9 (@) 92 (1) = P (). (3)

In the following, we focus on the case of endomorphisms
v (M,g) - (M,g') of maximal rank. Denoting ' =
©(z), the previous relation can be rewritten as

1i .07
0z Oz 9

950 G e = P (a). (@)




Let X € X(M) be a smooth vector field and let
Dy : M xR = M, (x,t) — P4 (z) be the flow (one-
parameter group) of X. Then X is a conformal Killing
field if ®% is a conformal transformation for all ¢ in some

J

t \* d
i (((I)X) Q)W (z) = at o

neighborhood of 0. To derive the governing equation for
X, we differentiate the condition (®%)*g = QZg with
respect to t at ¢ = 0. The derivation proceeds as follows:

0(2%)" | 0(2%)

91 (P (2)) =527 () ==~ (=)

= (Ogij)(x) X" (2)8,,6] + 90, X" (2)6] + 9:56,,0, X7 (x)

(
\Y

By defining the conformal Killing factor r(x) :=

%’ i—0 O2%(z), we arrive at the conformal Killing equa-

tion:

V. X, + VX, = kg (5)

In this thesis, we restrict our attention to flat Euclidean

space (M, g) = (R?,6) of d > 2 dimension. In this setting,
the connection coefficients vanish (I'*,,,, = 0), and the
conformal Killing equation (5) simplifies to

0uXy + 0, X, = Koy (6)
Tracing (6) with §**,

5" (0, X, + 0, X)) = K6, (7a)
20-X = Kd. (7b)

In other words, the conformal Killing factor k is propor-
tional to (0 - X). Substituting (7b) into (6), we obtain

0 X, +0,X, = %(a - X)60. (8)

To determine the higher derivatives of X, we differenti-
ate (8) with respect to 9":

2
0,(0-X)+0X, = Eau(a - X).
Taking the derivative 0, again, we have
2
0,0,(0-X)+00,X, = aa#au(a - X). 9)
Interchanging u <> v,

0,0,(0 - X) + 00, X, = %aya,t(a X).  (10)

X, + V., X,.

(k) (2) X* () + gpu (2)0, X () + gup ()0, XP ()
I’ kugpw + Fpkvgup)Xk + 9O X + gup0, X

9o VuXP + 9.,V X7
o

[
By adding (9) and (10) and simplifying, we find
(0py O+ (d =2)0,0,)(0-X) =0 Vp,v. (11)

Therefore, (0 - X) = 0, which implies 0,0,(0 - X) =0
for all u,v.

2. Classification of conformal transformations in d > 2

For d > 2, (11) constrains the terms of order 2 or higher
in 0+ X to vanish. This means that the solutions 9 - X of
the conformal Killing equation (11) are the affine maps

(0 -X)(z)=A+auzt, x€M, (12)
with A\, o, € R.

We first determine the conformal Killing fields X with
conformal Killing factor x = 0. 8,X, +3,X,, = 0 implies
that X* can be written as

XH(x) =" +whya”, (13)

where ¢ € R, w € so(d) := {w|w" +w = 0}. This vec-
tor field defines the flow ®% (x) through the differential
equation

0 v
pn (q)tX(:c))” = +why, (P (2)) . (14)
Here, the constant term c¢* corresponds to a translation,
yielding L (z) = = + ¢ (when w = 0), while the lin-
ear term involving w generates a rotation, resulting in
dL (z) = Az, with A =e¥ € SO(d) (when ¢ = 0).

Next, we consider the case of a constant non-vanishing
conformal factor kK = A € R\ {0}. This corresponds to
the generator of dilatations, given by the vector field

XH(x) = At (15)



The flow equation 3 ®% (z) = A®% (z) admits the so-
lution ®% (z) = eMx. Thus, for unit time ¢ = 1, this
generates the scaling transformation ®% (z) = e*x.
Finally, we examine the special conformal transforma-
tions (SCT), characterized by a position-dependent con-
formal factor w(z) = 4btx, with a parameter vector
b € R%. The corresponding Killing field is given by
XH(x) =2(b- x)zt — 22", (16)
The flow equation 2 ®%(z) = X (P4 (z)) involves a
quadratic dependence on coordinates. The solution at
t = 1 yields the standard fractional linear transforma-
tion form:

1N ah — bha?

Py () = 1—-2(b-x) + b222’ (17)
Here, strictly speaking, the vector field X is not com-
plete on R¢ due to the singularity in the denominator.
However, it generates a global flow on the conformally
compactified space S¢ = R? U {oc}. Here, we consider
the finite transformation generically for points where the
denominator implies no singularity.

3. Conformal algebra so(d +1,1)

Consequently, the vector fields determined by the con-
formal Killing equation constitute the generators of the
conformal group. Acting on the space of scalar functions
(fields), these generators can be represented as differen-
tial operators:

P, = 0, (18a)
M, = 2,0, —x,0,, (18b)
D = z"0,, (18c¢)
K, = 2z, (2"9,) — 2%0,. (18d)

Here, P, generates translations, M,,, generates rotations
(generating the so(d) subalgebra), D generates dilata-
tions, and K, generates special conformal transforma-

tions. The total number of generators is %ﬂ =

d+ 2D 4y,

These operators form a closed Lie algebra, known as
the conformal algebra. The non-vanishing commutation
relations are:

e Usual Poincaré algebra:

[M/w’ M ] - 5V0M;w - 5upMW + 6V<7Mpu - 5WMPV>
(19a)
[Muwp ] - 6VPPM - 5MPPV- (19b)
e New conformal relations:
[D7Pu] :P,ua (20&)

4

D.K,] = K, (200)
(K, P,) = 26,,D — 2M,, (20¢)
[M;wa K } - 5VPKAL - 6HPKV (QOd)

To understand the structure of the conformal algebra,
let us define the following generators:

L, =M,,, (21a)

L_,0=D, (21b)

Loy = 3(Put Ky, (21¢)

Loy,= %(Pu - Ku)a (21d)

with the antisymmetry condition L., = — Ly, for indices

a,be {-1,0,1,--- ,d}. Using the standard commutation
relations of the conformal group, one can verify that these
generators satisfy the following algebra:

[L_1,0,Lopul =L_1,,
[L-1,0,L-1,u] = Lou
(Lo, Low] = =Ly,
[L 14“ ,V] = L
(Lo, Lo1,] = L 10+ Ly (22)

These relations (22) can be summarized in a unified form
by introducing a metric tensor 7,5, = diag(—1,1,1,...,1),
where n_1,_1 = —1, ngo = 1, and 7,, = d,,. The con-
formal algebra is then isomorphic to the orthogonal Lie
algebra so(d 4 1, 1), expressed as:

[Laba Lcd] = nbcLad + 77adLbc - nacLbd - 77deac- (23)

Since the complexification of so(d + 1,1) is (so(d +
1,1))c = so(d + 2,C) via diag(1,1,...,1,4), the struc-
ture of the conformal algebra can be understood through
the structure of the orthogonal Lie algebra so(d + 2).
Given that so(d+2) is of rank | 922 | = [£] 41, we need
to identify L%J + 1 basis elements of the Cartan sub-
algebra. Following standard convention, we first choose
L%J generators of rotations Mio, M3y, - in orthogonal
planes. As the dilatations generator D commutes with
these rotations, it is added to form the full Cartan sub-
algebra span(D, M12, M3y, - --) of the conformal algebra.
This choice of the Cartan subalgebra is physically real-
ized in the radial quantization scheme (see Section IT A 4),
where the dilatation operator D plays the role of the
Hamiltonian generating ‘time’ (r = e7) translations along
the radial direction, and the rotations M;; act on the
constant-radius spheres.

Consequently, the states (or the representation of
50(d+1,1)) are labeled by the weights of this Cartan sub-
algebra, corresponding to the scaling dimension A and
the spins. The commutation relations (20a) and (20b)
establish that P, and K, act as ladder operators that
shift the scaling dimension. Furthermore, their appro-
priate complex linear combinations (e.g., Py + iP, and



K, +1iK>) serve as ladder operators for the spins defined
by the rotation generators.

4. Conformal field theories in d > 2 dimensions

In conformal field theories, because asymptotic parti-
cles cannot be isolated, we cannot define the theory by
constructing non-interacting in- and out-states, unlike in
standard quantum field theory. Instead, to construct the
Hilbert space, one uses radial quantization on the ge-
ometry R x S9!, where the distance from the origin is
regarded as time 7 = Inr with radial ordering (R{---}).
The sphere S%~! has a corresponding Hilbert space H
which carries a unitary representation of the conformal
algebra so(d+1, 1), and the action of a symmetry genera-
tor @ is defined as inserting the surface operator Q(S¢1!)
on the sphere.

In radial quantization, a state on the sphere S9! at
7 = 0 (equivalently » = 1) is prepared by performing
the path integral over the interior B of the sphere. The
vacuum |0) corresponds to the path integral with no op-
erator insertions. Moreover, the state O(x)|0) is defined
by the path integral over B with an insertion of O(x) at
the point z € B:

(6,]O()[0) = / Doe SH0@),  (24)

vlop=dv
r<1

where ¢, is a field configuration on the sphere 0B. This
is physically equivalent to preparing an in-state at past
infinity 7 — —oo on the cylinder R x S9!, This con-
struction of the state provides a map from operators to
states.

Conversely, given a state, we can construct the corre-
sponding local operator. Following the discussion in Sec-
tion ITA 3, we decompose H into a direct sum of irre-
ducible representations of the conformal algebra:

H= @ VA, .0 (25)

Here, the index i labels the primary states |A;, ¢;), spec-
ified by their scaling dimension A; and their spin ¢; =
(el --- ,éitd/2J ). Each module Va, ¢, is the conformal fam-
ily obtained by acting with the momentum generators P*
on the primary (lowest-weight of D) state and then quo-
tienting by null states, which removes any null states.
This leads to the conclusion that an arbitrary state in ‘H
can be written as a linear combination of simultaneous
eigenstates of D and M, . Denoting such an eigenstate
by |A, ), the actions of D and M, on |A,{) are given
by

DIA,0) = AA, 0),
My |A, 0 = (S b4, 6)",

(26a)
(26Db)

where S, are matrices satisfying the same algebra as

M,,,,, and a, b are indices for the so(d) representation.
Let {|O;)}: be eigenstates of the dilatation (they need
not be primary)

D|0;) = AilO;). (27)

Using these states, we can construct the corresponding
operators O; which generate |O;). Schematically, a local
operator O;(x;) at x; is defined by cutting the path in-
tegral region into the exterior and the interior of a ball
B; of radius € centered at x;, and then gluing the state
|O;) onto the boundary dB; to replace the interior in-
tegration. This procedure gives a quantity that behaves
exactly like a correlator of local operators:

(O1(z1) - On(2n)) =

/ T 2én 0010 /

i=1

Dipe—Slel, (28)

loB; =,
T>€

where the integrals D¢y, are performed over field config-
urations on the boundaries 0B;.

By conformal symmetry, the cutoff ¢ is not physi-
cal. Define O;(z;;€) as the insertion obtained by the
above procedure. A dilatation about x;, r; — Ar;, maps
€ = Xe. By (27), we have O;(z;; \e) = A™2:0;(x;;5€), so
(M)A O;(wi; M) = €2iO;(wi;€). Thus we can define the
e-independent local operator by

e—0

From these two constructions, we conclude that there is
a one-to-one correspondence between states on the sphere
and local operators inserted at its center. This is the
“state-operator correspondence.” In other words, a local
operator O(0) is identified with the state ©O(0)|0) := |O).
We can now define a conformal field theory. First, a pri-
mary operator O creates a state that is killed by K, i.e.

[K,,0(0)] =0 +— K,|0) =0, (30a)
[D,0(0)] = AO(0) +— D|O) = A|O),  (30b)
My, 0(0)] = 8,,0(0) — M,,,|0) = 5,,|0). (30c)

We now define the conformal family [O]. It is the sub-
space of H spanned by the primary state |O) and its de-
scendants, obtained by acting with P, on |O). A general
descendant state is given by

PI"LIP,J’Z...P/J/H‘O>. (31)

In terms of operators, this is identified with the deriva-
tives taken at the origin:

9,0()]1=0/0) = [P, O(0)][0) = P,[0).  (32)

The state O(z)|0) can be expanded as a (infinite) super-



position of descendants:

O(2)|0) = e*PO0)e " F|0) = e F|0)

n=0

A conformal field theory in d > 2 dimensions (CFT4s2)
consists of:

e a unique vacuum state |0) annihilated by the gen-
erators of the conformal algebra,

e a collection of conformal families [O;].

5. Correlation functions

Conformal symmetry completely determines the form
of low-point correlation functions of primary operators,
up to structure constants.

First, consider the one-point function {¢(z)) of a pri-
mary operator. Translational invariance requires the cor-
relation functions to be independent of the position x.
Furthermore, under a dilatation x +— Ax, the operator
transforms as ¢(z) — ¢'(Az) = A"2é(x). Since the vac-
uum |0) is invariant under the conformal transformation,
the one-point function must satisfy the scaling relation
(p(z)) = A2 (¢(A\x)). Combined with translational invari-
ance, this implies (¢(z)) = A\>(¢(x)), which necessitates
that the one-point function vanishes for any operator
with a non-zero scaling dimension:

(6(2)) = {1 fo=1, (34)

0 otherwise.

Next, we examine the two-point function of two scalar
primary fields, (¢(x1)¢pa(z2)). Poincaré symmetry re-
stricts the two-point function to depend only on the dis-
tance |21 — xa|, i.e., (¢1(x1)d2(x2)) = f(Jz1 — 22]). Scale
invariance constrains the two-point function to satisfy

0 = (0|[D, ¢1(x1)¢2(22)]|0)
= (0[[D, ¢1(x1)]¢2(z2) + ¢1(21)[D, P2(2)]10)  (35)
= (210, + Ay + 2507 + Ag)(h1(x1)da(2))

This gives the power-law dependence f(|z; — z2|)
|z; — xo|~(A1+22) Invariance under special conformal
transformations further imposes the selection rule that
the correlation function vanishes unless A; = As.To
demonstrate this, consider the correlator with one oper-
ator shifted to the origin, g(z) = (¢1(0)¢2(x)). Since the
vacuum is invariant under the SCT generator K, and a
primary operator at the origin satisfies [K,, ¢1(0)] = 0,
the invariance condition implies:

0 = (O][Ku; $1(0)2(2)]]0) = (¢1(0)[ K, P2(2)]).  (36)

Substituting the differential action of K, on ¢s(x), given

by [K,, ¢2(z)] = i(x?0, — 22,270, — 22,A2)p2(x), into
the scale-invariant form G(z) oc |z|~(A1+52) | we obtains
the constraint:

(Al — Ag).’l}ug(fb) =0. (37)

Thus, for a non-vanishing correlator, the scaling dimen-
sions must be identical. The resulting form is

if Ay = Ao,

Cio
(d1(71)p2(22)) = {Jlm%l A £ A, (38)

where C15 is a constant.

6. The operator product expansion

The Operator Product Expansion (OPE) states that
the product of two operators can be expanded as:

Oi(x1)0j(x2) = Zcijk(xl%aQ)Ok(mQ)» (39)
k

where k£ runs over primaries and Cjj, is a differential
operator containing the OPE coefficients f;;, € R of the
form

fijk
<%“%®:@@ﬁizqﬂ+#ﬂ%

+ #at2"0,0, + #2207 ...

(40)

The derivation begins with the fact that the state created
by the product is a linear combination of primaries and
descendants:

k

By performing radial quantization centered at the origin,
this state decomposition (41) translates into the operator
expansion given above.

The OPE is of central importance in conformal field
theory for two main reasons. First, unlike in general
quantum field theories where it is an asymptotic approx-
imation, the OPE in a CFT is an exact statement with
a finite radius of convergence (limited only by the dis-
tance to the nearest other operator insertion). This al-
lows it to be used at finite operator separations. Second,
it provides a powerful algorithm to compute higher-point
correlation functions. By recursively applying the expan-
sion inside a correlator, any n-point function can be re-
duced to a linear combination of (n — 1)-point functions,
and ultimately to known one-point and two-point func-
tions. Consequently, a CFT is completely defined by its
“dynamical data” called the conformal data: the spec-
trum of scaling dimensions {Ap}, spins {Jo}, and the
OPE constants {foo o }. The consistency of this ex-
pansion, which corresponds to the associativity of the
operator algebra, imposes strong constraints (the cross-



ing symmetry equations) on the conformal data, and the
strategy of exploiting these constraints is known as the
conformal bootstrap.

7. Twist and double-twist operators

The twist 7 of an operator @ with dimension A and
spin £ is defined by 7= A — £.

Theorem 1 (Existence of double-twist operators [17-19])

Suppose a CFT in d > 2 dimensions contains pri-
mary operators O, Oz with twists T, T5. For each
n=0,1,2,---, there exists an infinite family of primary
operators with increasing spin and twists approaching
T+ 79+ 2n as £ — oo.

Schematically, these operators are

010" - QM PP Oy,

We denote the family with twist approaching 71 + 75 +2n
as [0103],, and refer to such operators as “double-twist”
operators.

Physically, these operators represent two particles or-
biting each other with high angular momentum. In the
large spin limit £ — oo, the constituents are effectively
separated and non-interacting, so the anomalous dimen-
sion vanishes. At finite spin, however, interactions induce
corrections

An’g:’ﬁ +T2+27”L+€+O(1/£). (42)

In this thesis, we neglect the anomalous dimensions of
double-twist operators, as they are suppressed by 1/¢.
Double-twist operators play a central role in the con-
formal bootstrap, as they enable analytic solutions to
the crossing equations and dominate the heavy opera-
tor spectrum in bootstrap computations. In many of the
computations presented here, we proceed under the as-
sumption that the heavy operator spectrum consists only
of these double-twist families.

B. Matsubara formalism and KMS relation

The conformal field theory discussed so far was the
CFT at zero temperature without thermal effects. To
study the finite temperature effects of quantum field the-
ory, we must first define the thermal mixed state and
identify the thermal expectation value with the corre-
lation function defined by the path-integral formulation.
Specifically, for the thermal equilibrium state, we can de-
scribe observables through the Matsubara, or imaginary
time, formalism [20]. Under the Matsubara formalism,
one can prove that the thermal field theory in Minkowski
space RY3 corresponds to the field theory on a cylinder
Sk x R*"! with Euclidean signature where the time di-
rection is compactified. That is, the thermal effects in

quantum field theory are completely encoded into the
geometry. This periodic boundary condition gives addi-
tional constraints that enable the conformal bootstrap at
finite temperature. Based on Chapter 1 of [21], we briefly
review thermal field theory in this section.

1. Matsubara formalism

Here we assume that our state is in thermal equilib-
rium. The density matrix pg corresponding to an equi-
librium state at 8 = 1/T (we assume that the Boltzmann
constant kg = 1) is

1 _
Pp = Ee 6?{7 (43)
where H is the Hamiltonian of the system and Z is the
partition function of the system defined as

Z=Tre ", (44)

Thermal expectation values are defined by

(O1(1) -+ Onea))s = 5 Tr (O (1) - Oulan)

(45)
where we use the notation (---)g to denote thermal ex-
pectation values.

The Matsubara formalism is an approach to calculate
thermal observables by employing imaginary time t =
—i7 € iR with 7-ordering (P;{--- })g, so that

O(1) = e™MOe™ ™. (46)

To connect thermal expectation values with correlation
functions, we write the trace as an functional integral
over all possible field configurations ¢q:

z= / Déo(dole" (o). (47)

Here, |¢o) represents the state of the field at the initial
time 7 = 0. Because of the trace, the final state at 7 = 3
must be the same state |¢g). Then, we split the imaginary
time interval 8 into N small slices of duration ¢ = 3/N:

O=mo<m < <7Nn =0, (48)
and for each time 7;, denote ¢; the intermediate fields.
For ¢ — 0, we can rewrite the time evolution operator
e M as

e PN = emHemH o7, (49)

Substituting (49) into (47) and using the completeness
relation, we obtain

N-1
Z:/ [T DorldurleHon), (50)
k=0



with the periodic boundary condition ¢ = ¢g. Let m; be
the conjugate momentum of ¢;. Then a single transition
amplitude between time slice k and k + 1 is

(Prr1le”H|or)
= [ 5o (/ dPx (imp(Prs1 — or) — GH))

<=0 % exp (e/de (iﬂ'kq'ﬁk - H)) .
(51)

By taking the continuum limit, we multiply all N slices
together such that the sum over slices becomes an in-

tegral over the imaginary time 7 (}_, € — foﬂ dr). This
defines the phase space path integral, where we sum over
all possible temporal paths of both the fields and their
conjugate momenta:

zZ= /D(bDWeXp (/Oﬁdr/d% [mﬁ-%}) . (52)

Consequently, by introducing the Euclidean action S =
fO’B dr {H — im|, the partition function can be written

in the following standard form:
Z=Tre ML /D¢>e—s[¢1. (53)

By the same logic, one can find that thermal expecta-
tion values correspond to correlation functions defined
through path integrals:

(Op(wq) -~ On(xn»ﬂ

4
= %/'D¢Ol(x1)...(’)n(xn)e—s[d)]' (54)

2. KMS relation and (anti-)periodicity

The Kubo-Martin-Schwinger (KMS) relation [22, 23|
states that, for a thermal two-point function,

(A()B(0))s = (B(0)A(t +15))s, (55)

or, in Euclidean time 7 = it,

(A(1)B(0))s = (B(0)A(T = 5))5- (56)

This can be proven by a straightforward calculation as
follows:

(A(T)B(0))g = 2~  Tre PR A(7)B(0)
= Z ' Tre PHe™ A(0)e ™M B(0)
= Z7 T =AM A(0)e = (T—AH~FH B ()

= 2 T B Al ) = (BOA - 9)s
(57)

We define the 7-ordering operator P, as follows:

P A(T)B(T') := 0(r—7")A(T)B(") £ 0(r' —7)B(7') A(1),

(58)
where the — sign in the second term is for fermionic op-
erators. From this point on, we assume that the thermal
expectation value (- --)g is defined with this P; ordering.
Combining this definition (58) with the KMS condition
leads to the following (anti-)periodicity property:

(A(T)B(O)s = £(BOAT); 50

= £(A(7 + 8)B(0)) 5.
Here, + sign for bosonic operators and — sign for
fermionic operators. Since we focus on bosonic operators
in this thesis, the relation (59) simplifies to

(A(1)B(0))s = (A(r + B)B(0)) - (60)

By the same reasoning, all bosonic correlation functions
are periodic. This is equivalent to compactifying the time
direction on a circle Sé.

III. CONFORMAL FIELD THEORY AT FINITE
TEMPERATURE

A. Thermal conformal data and OPE

In conformal field theory at finite temperature, as the
length of the time direction takes on physical meaning,
the scaling symmetry of the time direction becomes bro-
ken. Due to this symmetry breaking, the one-point func-
tion no longer vanishes. That is, at finite temperature, the
conformal data introduced in section II A 6 alone cannot
characterize the CFT.

To find the thermal one-point function, let us deter-
mine the symmetry of the S é x R?1 geometry. Firstly,
S'}g x R4~1 is clearly invariant under the conformal trans-
formation of R4~!. Additionally, it is also invariant under
[T < —7] x [#! +» —2?], which is a transformation rotat-
ing the cylinder S§ x R?~! by 180 degrees. That is, the
symmetry group includes O(d—1). By this symmetry, we
can determine the thermal one-point function.

Let us consider a primary operator O with dimension
A and spin J. By the first fundamental theorem of invari-
ant theory, all invariant tensors must be generated only
by e# = (1,0,---,0) and ¢g"” = §*¥. That is, OF1HI
is either a scalar or a symmetric traceless tensor. Ad-
ditionally, by the 7 <> —7 symmetry, the spin is even,
J € 2Z>¢. On the other hand, by dimensional analysis,
it must be (O(0))s < B~2. These three facts imply that
the thermal one-point function must be written in the
following form:

(O X)) =GR — traces), (01



where by is a dimensionless one-point function coeffi-
cient, which is the new data introduced by finite tem-
perature effects. Here, —traces means that terms corre-
sponding to the trace of e#* - - - e#7 have been subtracted
so that this tensor becomes traceless. For example, when
J = 2,3,4, the symmetric traceless tensors are, respec-
tively,

eH1et2 15,“1#2
d b

elh 6#2 eﬂs _

(em GH2H3 + eb2 §H1is + ehs 5u1u2) ,
d+2
eltl 6“2 eua em

(6#1 eH2fH3Ha perm.)

1
MCETNCET)

d+4
(5#1/42 GH3H4 + perm.).

The complete thermal conformal data is
thermal conformal data = {Ap, Jo,bo, fooror}. (62)

This follows from the fact that the OPE converges in a
finite region because Sé x R4 is conformally flat. How-
ever, unlike zero-temperature CFTs, the OPE does not
converge on the whole space. Indeed, a crucial feature
of thermal CFTs is the limited convergence radius of the
OPE. This is related to the validity of radial quantization.
The OPE requires us to insert a complete set of states on
a sphere surrounding the operator at the origin. For the
expansion to converge, this sphere must not enclose any
other operator insertions. However, due to the periodic
nature of the time direction, an operator inserted at the
origin has periodic images at distances ng (where n is
an integer). The closest singularity arises from the oper-
ator’s own image at 7 = (3. This means that we cannot
define a quantization sphere with a radius larger than g
without hitting this singularity. Consequently, the radius
of convergence for the OPE in thermal CFTs is strictly
limited to S3.

Explicitly, we can use the OPE to obtain the two-point
function g(7,z := |x]|):

gr,2)= > aofa s(r,x), (63)

Oepxop

where the sum runs over the operators O (of dimension
A, spin J) exchanged in the OPE ¢ x ¢. Here, the thermal
conformal blocks fa, j is given by

fa g(m, z)=|7? +x2|A7§A¢ c¥ (T )
) ? J /T2+x2 )

where CS”)(x) is the Gegenbauer polynomial and v =
(d —2)/2. The thermal OPE coefficient ao is defined as

oIt fasobo
°©T2w); co

where (v); = T(v + J)/T(v), feso is the zero-
temperature three-point function OPE coefficient, and
co is the normalization of the zero-temperature two-point
function (OO). In this situation, the OPE converges in

V2t a2 < B (64)

We define the complex coordinates as z = 7 + iz and
z = 7 — iz. For notational simplicity, we denote g(7,x)
as g(z,z). Additionally, it is also useful to introduce the
variables r and w via the relations:

(65)

INSTRIRN

Then the conformal block can be written as

P2 =75 ()

Zero-temperature CFT  Thermal CFT

Two-point function Vo=t g(T,x)
OPE converges everywhere V42 < p

Conformal data Ao, Jo, fo,0;0, bo (new unknown)

TABLE I. Comparison between Zero-temperature and Ther-
mal CFT.

At zero spatial distance z = 0, the OPE becomes

1 \ 4
7):=9(7,0) = 55 a — . 67
o) =m0 = s Sea (3) 1)

Here we defined the reduced OPE coefficients

ap = Z a@ng)(l). (68)
Oepx¢,
Ao=A

B. Periodicity as a bootstrap constraint

The reason we can perform the conformal bootstrap
even though scaling symmetry in the time direction is
broken is because the S. x R?~! geometry gives strong
constraints on the thermal conformal data. This is be-
cause the OPE is not periodic, whereas g(7,x) is peri-
odic.

For simplicity, from now on, let us set § = 1 without
loss of generality. Then the KMS condition with the [7 +
—7] symmetry imposes

(69a)
(69b)

g(T,IIJ) g(].—’ﬁl'),
g(Z,Z) = g(l —2z,1- 2)'
We call s-channel the left-hand side and t¢-channel the

right-hand one, by analogy to crossing symmetry at zero
temperature. Since the correlators are real, it follows that



9(2,2) = g(z, 2), (70a)
g(r,w) = g(r,w™) (70b)
In addition, the [7 <> —7| symmetry itself implies
g(Z,Z) :g(_z7_2)7 (713‘)
g(?”, ’LU) = g(?", —’LU). (71b)

C. Generalized free scalar theories

This theory features a fundamental scalar field ¢ of
scaling dimension A, satisfying the equation of motion

O%2¢¢ = 0. (72)

Physically, this field follows Gaussian statistics, meaning
all higher-point correlation functions factorize into prod-
ucts of two-point functions via Wick’s theorem. The OPE
expansion can be schematically represented as follows:

¢ x¢=1+[¢¢]n, .. (73)

Due to the linearity of the non-interacting theory, the

superposition principle holds. Thus, the thermal two-

point function on the cylinder 5’113 x R%1 can be con-

structed by periodizing the Euclidean space propagator

(p(2)(0))ga ~ || 7224 along the thermal circle, i. e., by
the method of images,

= 1

= . 74

garr(T, ) Zoo [(T +mpB)2 + x2]A¢ (74)

m=—

At zero spatial separation x = 0, (74) can be rewritten
using the Hurwitz zeta function (x (s, a) ==Y o, ﬁ

9arr(T) = 5271% [CH <2A¢7 ;) +<Cn <2A¢, 1- ;)] :
(75)

IV. BOOTSTRAPPING THERMAL CFTS

The goal of this chapter is to determine {ap} from
the zero temperature conformal data {Ap, Jo, fooror}.
To do this, we extend the correlator to a meromorphic
function in the complex plane, and using the constraints
given in section ITI B, formulate a dispersion relation that
the two-point functions must satisfy. Specifically, at zero
spatial separation, this dispersion relation allows us to
write the form of the two-point function exactly.

10
A. Analytic bootstrap at zero spatial separation

Let us begin by considering the limit x — 0. This limit
makes the problem into a simple one-dimensional prob-
lem and allows the OPE to converge in the entire T range.

1. Dispersion relation

Consider g(7) o 72%4) as a meromorphic function on
the complex plane 7 € C. Since g(7) has a pole at 7 = 0,
by the KMS condition (69a), g(7) has countably many
poles at
T=np, n€ol. (76)
A4 may not be an integer, so branch cuts can be present.
Because of the KMS condition (69a) and the time reversal
symmetry [T <> —7], the branch cuts cannot lie in any
direction, and can only lie in the same direction as the
imaginary axis:
T=nl+it, neZ, te(—o0,0). (77)
Using the analytic structure of the two-point function
and Cauchy’s integral formula, the two-point function
can be rewritten as an exact formula. By Cauchy’s in-
tegral formula,

1 9(7")
T)==— ¢ dr’ . 78
9(7) 27 i T =T (78)
Now, let us deform the contour C as shown in Figure 1
and separate the contour integral into the part on the
arcs of radius R — oo and the remaining part. Then, the
two-point function becomes

9(7) = gar(7) + gares(7), (79)
where
garcs(T) - % diTl g(Tl) (80)
" c. 2miT —7T

arc

Im 7/

(e

Ret 5

FIG. 1. The contours considered to compute the correlation
function in 7 via a dispersion relation. The red dots indicate
the poles, while the red wavy lines indicate the branch cuts.



and

1 g(7")
(1) = 5 ar'
ar(7) 2mi %C—cam T

dr’' g(t! —€) dr’' g(t' +¢)
Sy ([ a0 [ e
= \Jop 2m T =T cp 2mi TN =7
oo 0

Z / dr’ g(7' —€) —g(7’ +¢€)
,wOZM T+m—T

Z/ 7' Discg(r’)
oo 271'17' +m-—-T

m=—0o0

notation

(s1)
Here, C7" and CF denote the left and right parts of
the contour encircling the m-th pole, respectively, and
€ — 0+. The KMS condition is built into the dispersion
relation (81) since the sum runs over all the poles.

11
2. Discontinuity of thermal conformal blocks

We will plug the OPE (67) into the dispersion rela-
tion (81). This allows gq,(7) to be written in terms of the
discontinuity of the thermal conformal blocks. Therefore,
by calculating the discontinuity of each thermal block, we
can write gq,(7) in an analytic expression. The disconti-
nuity of a thermal block is given by:

Discr® 289

= [r[Am28s (dmitan200) _ o~dmia-280) (gy)
_ |T‘A—2A¢e%”i(A_2A¢)2i sin((A — 2Ag4)m).

Therefore, let 7/ =
ing

—iu, the problem reduces to calculat-

[eS) A—2A
I(m’T) = e%”i(A_2A¢) / dﬁu (83)
0 2m—tu+m-—T
Through a tedious calculation, we have
A— A
I(m, 7) = ebmi(8-28,) /Oo du [(m - jur20e | SR
0 2| (m—7)2+u2  (m—71)%+u?
— e%ﬂ'i(A—QAd)) (m _ 7_) (m — T>A_2A¢_1 i 7T(m — T)A_2A¢
4 sin (%TF) 4 sin (%w)
A—
_ omi(a—24,) (m — 1) 2% 1 i 1 (84)
A—2A, . (A-2A,
cos ( 5 7r) sin (Tw)
_ e%‘n’i(A72A¢) (m _ T)A72A¢ _Qieféﬂi(AfA(ﬁ)
4 sin((A — 2A4)7)
' (m _ T)A72A¢
=—i .
2sin((A — 2A4))
Here, we use the integral formula 3. Arc contributions
bm—l . . .
/ dx = . We now estimate the arc parts contained in (79). As
b? + 22 2sin (m; 71') a result of the estimation, we prove that the arc contri-
] ) bution ga,es(7) is a constant. The reason this estimation
Using (84), we finally obtain is possible is that the analytic structure of the two-point
function is already fully reflected in g4,(7), S0 gares(7) is
gar( Z an Z 2isin((A — 2A4)7)I(m, 7) necessarily an entire function.
' = ’ To find the bound of gq4,(7), we will apply the argu-
ments in [9]. Since the thermal geometry S} x R*"! has
_ Z an Z m— T)A72A¢ a.EuC%idea.n signa‘Fure, we can arbitrarily choos.e the time
o direction; in particular, let us perform quantization by
choosing one direction in R?~! as time and identifying
= Z an [C(28p — A7) +Cu (28 — A1 = 7)] the spatial slices as S} x R*"2. Then, the S} compact-
A (85) ification can be interpreted as a Kaluza—Klein compact-

ification. In this quantization, the two-point function is



given by
9(7) = (8(1)9(0)) 5 = (V]| W), (86)

where |¥) = ¢(O)|O>SéXRd—2. Let us write the time evo-

lution operator e'TPKK ag:

TP — VIV, (87a)
V — e— Inl(T)PKK’ (87b)
U = e Re(MPrx (87¢)

Now, applying the Cauchy—Schwarz inequality, we obtain

g(T)? < (UIVEVE )N (OVEUTUVE[) = (U|V|T)2
(88)

Therefore, we can bound g(7) by the real time correlator:

lg(7)| < lg(iIm )| (89)

Moreover, since the real time correlator does not have
pole and it is bounded as || — oo by clustering de-
composition or unitarity, g(7) is eventually bounded in
the imaginary direction. By (85), gqr(7) is polynomially

J

g(1) = ZaA CH(2Ap — A7) +Cu(2Ay — A1 —7)] + &,
A

o)=Y % [<H<2A¢ N
A

for (92b), we reintroduce  through dimensional analysis.
Here, one can easily verify that g(7) becomes the zero-
temperature two-point function in the limit 5 — oo. This
formula inherently encodes the KMS condition. Further-
more, considering (75), we conclude that any thermal
two-point function at zero spatial separation is an ex-
pansion in terms of GFF correlators gopp(7), where the
coefficients are the reduced OPE coefficients.

The GFF correlators ggpp(7) vanish when A —2A, €
2Z¢. That is, double-twist operators satisfying A,, ; —
2A4 € 2Z~( cannot contribute to this expansion. There-
fore, for a theory where the heavy spectrum consists
solely of double-twist operators, we can write the thermal
two-point function in terms of light operators.

B. Analytic bootstrap at non-zero spatial
separation

We now extend the analysis to non-zero spatial sepa-
ration (x # 0). Similar to the zero separation case, we
will use the strategy of reconstructing the correlator by
plugging the t-channel OPE into the dispersion relation.
Since the dispersion relation for non-zero separation was

)+CH(2A¢—A,1—
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bounded, S0 gares(7) is also polynomially bounded in the
imaginary direction. Furthermore, since periodicity also
bounds gares(7) in the real direction, gares(7) is a polyno-
mially bounded entire function. Cauchy’s estimate gives

nlk|z|™

() () <
garcs( ) = Rr

Vze{zeC|lz|=R}  (90)

for some k € Rsp and m € Z>g. For n > m, letting

R — oo, we have |gz(;r'3§(0)| = 0. Consider the Taylor
series of gares(7) around 0, we clearly see that the gares(7)
is polynomial. Using periodicity once more, we conclude

garcs(T) =K, (91)

for some constant x € R.

4. A formula for g(7)

Using the results of Section 2 and Section 3, we rewrite
g(7) as

(92a)

T

el

(92b)

(

established in [9], we first provide a brief review of these
results.

1. Dispersion relation

Analogous to the derivation of the dispersion relation
in the complex 7-plane in Section IV A 1, we can derive
the dispersion relation for g(r,w) by fixing r, determin-
ing its analytic structure in the complex w-plane, and
applying contour deformation.

For OPE convergent, we first assume that 0 < r <

Im w' Im w'

—1/r —r T 1/

SAAS Re w'

—1/7 - T 1/r

FIG. 2. The contours considered to compute the correlation
function in w via a dispersion relation.



1. Originally, since w = z/z, w should belong to the
unit circle {w € C||w| = 1}, but we consider w as
a complex variable defined over the entire complex w-
plane. Then, the two-point function g(r,w) has poles at
w = 0, £r, £1/r because of the KMS condition (69b). By
(70b) and (71b), the brunch cuts has to be the intervals
(=00, —1/7), (=7,7), (1/7,00) as Figure 2.

As same as the x = 0 case, by Cauchy’s integral for-
mula,

g(t) = ;mfch'f,(TI)T. (93)

By deforming the contour as shown in Figure 2 and
retaining only the contribution from the discontinuity
across the branch cuts, one can obtain:

"dw'  w?(1 —w™)Discg(r,w’)

gar(r,w) = o 2mi w (w' —w)(w + w)(1 — ww'?)’
(94)
where
Disc g(r,w) := %(g(r, w +i€) — g(r,w —i€)).  (95)

For a detailed derivation of this dispersion relation (94)
and a discussion on its equivalence to the Lorentzian in-
version formula introduced in [9], please refer to Section
5 of [14].

Following (79), let us collect the remaining parts of the
two-point function, specifically the contributions from
the arcs and the residue at w = 0, into a single func-
tion garcs:

9(7) = gar(T) + Gares(7), (96)

We define it in this manner because the residue contri-
bution at w = 0 corresponds to the identity operator
contribution, which is not our primary focus here.

Im w'

FIG. 3. The s-channel OPE (expansion around z =0, z = O)
converges within the annulus shaded in blue (Jz|] < 1 a
|Z| < 1), excluding the intervals [—oco, —1/r]U[—r, 7]U[1/T, oo]

while the t-channel OPE (expansion around z = 1, Z = 1)
converges within the two disks shaded in red (|1 —z| < 1 and
|1 — 2| < 1), with the same intervals removed.
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2. OPE and out-of-OPE contributions

A major difference between the non-zero and zero spa-
tial separation cases is that the OPE does not converge
on the entire w-plane, but only within a specific region.
As shown in Figure 3, the OPE converges only in a finite
region of the w-plane. The critical problem is that our
contour integral passes through a region where the OPE
does not converge.

To obtain the OPE contribution to g4,, we substi-
tute the t-channel OPE into the dispersion relation (94)
and compute the discontinuity of each thermal conformal
block. Each thermal block schematically takes the form

fAJ(l—Z, 1—5) ~ Z

A<2A4

u_z)m —I—regular, (97)

and the discontinuity of each term in the series is given
by

. ) 0 if a € Zso,
Disc(1 — £)* =
ise(l - 2) {2i sin(am)®(Rez — 1) if a ¢ Z-,
(98)

analogous to the previous calculation (82). This means
that, as the zero spatial separation case, the correlator
can be reconstructed from a finite number of light oper-
ators.

As discussed previously, the OPE does not converge
over the entire integration contour. Indeed, this phe-
nomenon is manifested in the fact that the dispersion
relation (94), unlike (81), does not a priori satisfy the
KMS condition. As already observed in [9], we must dis-
tinguish between the following two types of contributions:

e OPE contributions (singular region). These contri-
butions arise from the region near the branch point
at Z = 1, where the discontinuity exhibits a power-
law singularity. The Lorentzian inversion integral
takes the form:

Tops(J) ~ / Eotetompiscli -2, (99)

where h = (A + J)/2 and m € Zsg. In the large
spin limit (J — oo), with h &~ J, the kernel behaves
as Z~7. We apply Watson’s lemma by substituting
t=z-1:

J)N/ dt(l—i—t)“]tcz/ dte=Ttte
0 0

= J_(CH)/ due™u¢ (where u = Jt)
0

Iopg(

~T(c+1)J )
(100)
This confirms that contributions from the OPE re-
gion are polynomially suppressed in spin, J ¢~

e Out-of-OPE contributions (regular region). These



contributions come from the integration range away
from the singularity (e.g., Z > 2o > 1, typically
20 = 2), where the function f(Z) is regular. The
integral is given by:

Iz CE e erm 0o - -
QMﬂw/ §%¢hf@~/ 7z f(z)
20 Z0
(101)
Since the integrand is analytic and decaying, we

apply Laplace’s method. The integral is dominated
by the lower bound zq:

Lou(J) = / dze Iz f(z)
20
= J+1

—J+1

~ 1) | °° G5 = 1) |
R

r (102)

0

For zy = 2, this leads to an exponential suppres-
sion 277, These non-perturbative corrections are
invisible to the standard perturbative 1/J expan-
sion, i.e., they are not captured by the dispersion
relation (94).

Based on this distinction, we decompose the thermal
two-point function into two parts:

9(2,%) = gopr(2, Z) + gout-ot-0PE(2, 2) (103)

where gopg corresponds to the dispersion relation and

the arc completion, while gout-or.0PE represents the non-
perturbative terms that are not captured by them.

8. Consistency conditions

Our goal is to reconstruct gout-of.-opr(2,Z). To this
end, we first introduce the consistency conditions that
Jout-ot.0PE(2, Z) (or ¢(z,Zz)) must satisfy, and then re-
construct gout-ot.oPE(2, Z) by imposing these conditions.
These conditions rely on the uniqueness theorem pro-
posed in [14, 24]. Although this theorem is incomplete,
our previous analysis has already established the dis-
continuity of the two-point function across the branch
cut. Therefore, in principle, these consistency conditions
should allow us to reconstruct the two-point function al-
most perfectly.

1. KMS condition. The most fundamental property
that a thermal correlator must satisfy is the KMS
condition 69a.

2. Analytic structure. g(z,z) must have the analytic
structure depicted in Figure 2.

3. Consistency with the OPE. The thermal two-point
function must be consistent with the operator prod-
uct expansion. Specifically, with the exception of

14

the low-spin operators contributing to garcs, the dis-
persion relation part must also agree with the OPE.

4. Regge boundedness. The thermal two-point function
must be polynomially bounded in the Regge limit

w — 0o, r fixed. (104)

5. Clustering decomposition at large distances. In the
limit x — oo, the two-point function must sat-
isfy the cluster decomposition property. Generally,
for theories without extensive symmetry structures,
the following exponential decay is expected:

9(2,2) =5 ($)F + O(e ™), (105)

where myy, o< 1/ is the thermal mass of the theory.

4. The generalized method of images

Motivated by the complex 7-plane at zero spatial sep-
aration, our strategy is to explicitly enforce KMS invari-
ance on the two-point function by hand. For this purpose,
we rely on the observation that an arbitrary function f(7)

can generate a periodic function f(7):

=3 f—m).

meZ

(106)

The reverse is also true: any periodic function f admits
the same decomposition. Specifically, suppose the Fourier

series of f(7) is given by

f(T) — Z CkGQTFikT.

kEZ

(107)

Then, by identifying an f(7) such that f(k) = ¢ for
all k € Z, we can write f(r) in the form of (106). Al-
though such f(7) is not unique, this does not affect our
argument. Based on this observation, we introduce the

following Ansatz:

1
g(z,é) = ) Z gar(z —m, z — m) +garCS(z>2)a (108)
meZ

where the factor 1/2 is introduced to compensate for the
double counting of the +m terms, as the dispersion rela-
tion already reflects the w <> —w symmetry.

This Ansatz is referred to as the generalized method of
images by the authors of [1]. It manifestly satisfies the
consistency conditions listed in Section IV B3. In par-
ticular, the KMS condition and the analytic structure
follow immediately from the fact that (108) is merely
a summation of the dispersion relation constructed to
satisfy the KMS condition. Furthermore, this Ansatz is
consistent with the OPE. This is because, for precisely
the same reason as in the calculation of (102), the terms



with m # 0 correspond solely to exponential corrections
related to n~7. This can also be interpreted as a conse-
quence of the shift z — z — m, which extends the region
of convergence of the OPE.

The demonstration of Regge boundedness for the
Ansatz rests upon the analytic properties of g4.(z, Z).
The central premise is that this function is polynomi-
ally bounded in the Regge limit. This boundedness is
preserved under the thermal shifts inherent to the im-
age method. Since every image term g4,-(z —m,z —m) is
generated by evaluating the same integral representation
at shifted arguments, each term inherits the asymptotic
stability of the original m = 0 term. Consequently, the
full correlator maintains the required asymptotic behav-
ior, because the contribution of the image term to the
thermal OPE coefficients scales as n™7.

However, the cluster decomposition property is not
automatically guaranteed by this Ansatz. Therefore, we
must verify the clustering condition on a case-by-case ba-
sis; specifically, garcs must be reconstructed to satisfy this
condition.

C. Applications
1. Generalized free theories

From the discussions in Sections ITI C and IV A 4, it is
evident that our method can reconstruct the two-point
function of a generalized free scalar theory at zero spatial
separation. We now proceed to test the validity of the
generalized method of images for the case of non-zero
spatial separation.

Since the identity operator provides the sole contri-
bution to the OPE, we need only calculate g4, for the
identity operator. Using its contribution to the disconti-
nuity,

—A
DISC[]I] = - Sin(ﬂ'A )r2A¢> L -1 ¢
’ w' (109)
AN ro
x (1 —rw') C) (Re—wl 1) ,

we calculate gq,(2, Z) to be

1 1
) = CE s T s Ge
(110)
One can clearly see that this expression does not satisfy
the KMS condition.
Applying the generalized method of images to this ex-
pression yields the following standard result:

9(,2) =Y (z_m)A¢1(2_m)A¢. (111)

mEeEZ

This demonstrates that the generalized method of images
works well in the simplest GFF case.
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2. O(N) model

In this section, we consider the O(N) model. Our anal-
ysis centers on the e-expansion, performed perturbatively
around d = 4.

The O(N) model is defined by the standard Ginzburg-
Landau action with quartic interaction:

A= [t [g@0r+ yeer|. )
with the index ¢ running from 1 to N, and the upper
critical dimension set at d = 4. In d = 4 — ¢, the the-
ory admits a non-trivial Wilson—Fisher fixed point with
a critical coupling A, ~ €1, rendering the model accessi-
ble via perturbative expansion [25].

Here, we apply bootstrap methods to determine the
thermal two-point function (¢¢)s up to the first order in
€. At the first order, the operator does not acquire an
anomalous dimension, and its scaling behavior matches
that of the free theory:

(113)

A scaling analysis indicates that at leading order, only
the identity 1, the higher-spin currents [¢d]o s, and
[¢®]1,s are relevant. Higher order operators (n > 1) are
suppressed by powers of ¢ due to the equations of mo-
tion. Since the OPE coefficients for [¢¢]1 ;s are of order
O(e), we effectively only need to track the corrections to
the [¢¢]o,s sector.

Since the OPE coefficients for [¢¢], s start at order
O(e), we essentially only need to consider corrections to
the [¢@]o.s sector. Within this family, only the ¢? opera-
tor receives an anomalous dimension at this order, mean-
ing that the majority of terms in the OPE simply vanish.

a. Zero spatial separation. Based on the previous
discussion, the two-point function in the complex 7-plane
is consists of only two contributions:

9(r) = g (1) + ¢ (7). (114)
The contribution from the identity operator is
gV (M) = 2-e)+Cu(2-e1-7). (115
The ¢? contribution is given by
9(¢2)(T) =Cu (=7p2,7) + Car (72,1 —7)
(116)

fago)w,z log [CSC(;T)] + 0(82),

Here, ago) represents the coefficient aa—s in the 4d free

theory and <42 denotes the anomalous dimension of the
®? operator at the first order in e, which is [26]

N+2
N +8°

’y¢2 =& (117)



b. Non-zero spatial separation. The contribution of
the identity to gq, is (110). The first-order terms in ¢ is

(1) (zi—i— 1) o (z—l)(i—l)
far' =1 21)(221>1g( )

1 - — —
T TG (kT @)+ tanhTH(z).
(118)

The discontinuity for the ¢? contribution is

Disc[¢?] = imv4 22 O(Re(Z) — 1). (119)
Therefore, through a calculation analogous to (110), we
obtain

@) _ 1
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where ag)z) denotes the OPE coeflicient at order O(1).

Furthermore, solving the KMS condition (69a) implies

(0) _ 2e
¢2 € — Vg2 ’

(121)

However, this contradicts the fact that the free theory co-

(0)

efficient ag should not depend on ~y42. We interpret this

as ev1dence that ¢? contributes to the arcs, and thus can-
not be fully constrained by the dispersion relation alone.

c. The generalized method of images. Our interest
lies specifically in the difference ¢g(7) — gfree(T), as the
free part is exactly solvable in 4 — ¢ dimensions. The

Jar = = 5042 Vo2 [log(1 — 2%) + log(1 — 2%)],  (120)  generalized method of images yields:
|
S ) ag? S
Z 9g (2—m,Z—m) = 4 Vo2 Z [log(l —(z=m)?) +log(l — (z— m)2)] , (122)

This series diverges on the real axis. Nevertheless, it can

be evaluated via analytic continuation. Using
0 1
log(1 —m))=— —— 123
Og( + (33 m)) ds (1 +z— m)s Sﬁov ( )

we find that the sum can be regularized using the (-
function:

> cse(mx)
Z log(1 + x—m)):—log{ 5 } . (129)
Applying this result, we conclude
9(2, 2) = gtree(2, 2) Z g (2 —m, 2 —m)
csc(mz) ese(mz
(125)

D. A thermal semi-analytic bootstrap

In this work, we improve upon the numerical bootstrap
method proposed in [27] and reproduce the numerical
results reported in [2]. In [2, 27], the authors utilized

J

= ZGATis + i
A k=0

ZG,A 1+ (-

Tauberian theorems to argue for the following asymptotic

behavior:
A2A¢ 1 c ( 1 ) )
A1 1
T(244) ( A A2 (126)

with a unknown coefficient ¢;. While this approxima-
tion yields satisfactory results, in this thesis, we derive a
more improved form of the asymptotic behavior. More-
over, since the derivation in [27] was not mathematically
perfect, this thesis serves to provide a rigorous proof of
(126).

ax

1. Asymptotic behavior of heavy operators

Here, we consider only the case of zero spatial sepa-
ration. Starting from (92a), we expand the Hurwitz (-
function around 7 = 0 as

CH(S T)+CH(S 177’)

= ke —
= e (T ko
k=
(127)
where s = 2A, — A. Substituting this back into (92a),

we have

1)¥] <S+Z_ 1) C(k+s)| 78 +k (128)




This expression (128) must be essentially equivalent to
the OPE (67). From channel duality, since the heavy op-
erator contribution in the s-channel must match the light
operator contribution in the ¢-channel, the following ap-
proximation holds:

(129)

Z aATg_M‘G’ ~ Z Z anl--- )"

A1 k=0 | A light

By comparing the coefficients on both sides of (129), we
easily find

Z aA[l—i—(

(380
A light

A-A
% oa, ) (A-A)
_ (130)
In particular, in the limit A — oo, the following three
asymptotic behaviors hold:

8 ~_A—1 £2A¢7A71
<5—2A¢> -

T(2A4 — A)’ (131)

a_ (A428)(A-24,+1)
1 — 9 )
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C((A-A)=1 (132)
(A —A)
[(A-2A4+1)
~ (284 — A —1)log A + Zi O(A="1),
= (133)
where
pa — Brri(l = 24A¢) — B (4) (134)

ko k(k+1) ’

with the Bernoulli polynomial Bj. Consequently, we ob-
tain that the contribution of the operator of dimension
A to ax:

~ 2£2A¢—A—1 A A
a® oo (14D 2 ),
A F(2A¢ - A) A A2
(135)
where ¢4 = LB, (b8, 1168, , (m — 1)Ib5) is a com-

plete Bell polynomial. Here, the summation is approxi-
mated by a sum over only double-twist operators with
even integer dimensions. For example, the first two c2

are given by

(136a)

A (A=2A45+2) (BAZ+ A(12A45 4+ 1) + 2A4(6A, — 1)) (A —2A4 + 1)

Cy =

Eq. (135) corrects the leading Tauberian approximation
for (126). This correction is driven by the inversion of
operators with dimension A. The identity operator makes
the primary contribution:

- 321 2A286-1 1_ Ap(2A4 —1)
a ['(2A4) A
Ay(Ay —1)(2A, — 1)(6A, — 1
n o(Bg —1)(284 — 1)(6Ay )Jr
6 A2

+ ...
(137)
This equation matches the Tauberian asymptotic derived
in [27]. Therefore, we conclude that we have proven the
Tauberian asymptotic via the analytic bootstrap.

2. O(N) models for N =1,2,3

Here, we adopt the approach of [2] to numerically com-
pute the OPE coefficients of O(N) models (N = 1,2, 3).

50 (136b)

(

We begin by deriving a sum rule, which serves as a strin-
gent constraint on these coefficients. Using the asymp-
totic behavior of aa from Section IV D 1, we then convert
this sum rule into an approximate minimization prob-
lem involving a specific cost function. Finally, we solve
this minimization problem numerically to find the coeffi-
cients.

a. A derivation of the sum rules. To apply the KMS
condition easily, we first look at the OPE of ¢(8/2 +
7,2) and expand it again in terms of 7. In this case, the
KMS condition corresponds to the 7-reversal symmetry:
9(8/2+ 7,x) = g(B8/2 — 7, x). For simplicity, let

g T(J—k+v) o7 2k

ao
46 = 53 (1) T(v)k!(J — 2k)!

BA
and let h = A — J, then,

(138)



,i
<

~
no

[

g(B/2+T,x) = ]2)|(,6’/2i7' +a:2’

s[~]

=~
Il
=]
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h— 2A¢+2k

(8/2+7)" %

L& p [(P2Eet2h A—J—2A4+2k—2n, 2 J—2k
S5 S S () (ppparya st
O k=0 n=0 (139)
1J/2] oo L [h=28st2k N
I Gy IS pats
O k=0 n=0
LJ/QJ oo oo h— 2A¢+2]{3 A72A¢,72n7m
A—2A4 —2n\ (B m_on
Yy () (A7) (5) (e
O k=0 n=0m=0
[
By the KMS condition, terms with odd powers of 7 in us define the kernel F as
139 must vanish, namely, for all m € 2Z> + 1 and «z, 1 (A — 24, +1)
F(A,Ap,m) = % . (145)
LJ/QJ e o] h— 2A¢+2k 2 F(A—2A¢—m—|—l)
%3
z@: kzo nz% (140) b. O(N) models. We split the sum rule into contri-
A—2A4—2n butions from light and heavy operators:
<A2A¢2n) (6) on
X = " =0
m 2 fm)= > aaF(A,Apm)+ > aaF(A Ay m)
Therefore, for all n € Z>g and m € 2Z>¢ + 1, ASAmax A>Bmax (146)
LJ/2] b2 42k Exploiting the asymp"cotic. behavior, we jfgrfic}mate ‘Ehe
Z Z Ak <2> heavy operator contribution as an ~ TEa) (1 + Kl)
O k=0 (141) for double-twist operators with dimensions A,, j = 2A4+
A—2A, 2n+ J (n € Z>o, J € 2Z>p). This converts the sum
A—2A4—2n)\ (B . e = . )
X = =0. rule into a minimization problem for the following cost
m 2 function:
This gives a set of sum rules n({w}) = Z wf(m)?, (147)
Mm<Mmax
> bofosgFmm(h,J) =0, (142) =
Oecpx¢ where mpyax represents the number of sum rule con-
straints and w; € (0, 1) are random number wights. Fol-
for all n € Z>o and m € 2Z>o + 1, where lowing [2], we set mpax = 7 and Apax = 4. Tables 11,
1 =280\ (4 J—2A, — o III, and IV show the OPE coefficients determined by this
Fon(h,J) = ShiT ( 2 > < ¢ > procedure. We compare our results with those in [2]; for
2 n m the IV =1 case, we also compare them with results from
« 3 F 1—J7 2, 2 — Ay +1 the large spin perturbation [10].
—-Ay—n+1,-J-v+1
(143)

and we set the normalization constant cp = 1. For our
purposes, let us simplify these sum rules to zero spatial
separation z = 0. After some calculations, we get a sim-
pler form of sum rules

F(2A¢ + m) n Z an F(A — 2A¢ + 1) -0
T'(2A,) < 28T(A—2A, —m+1) ’
(144)
where m € 2Z>¢ + 1 and the sum runs over all A # 0,
with the first term corresponding to the identity con-
tribution. This sum rule imposes countably many con-
straints on the thermal conformal data aa. Finally, let

TABLE II. Thermal OPE coefficients aa for light operators in
the 3d Ising model. Comparison with the previous Tauberian
results (PR) and the large spin perturbation (LSP).

Operator This work PR [2] LSP [10]
€ 0.672(24) 0.75(15) 0.672(74)
T, 2.039(54) 2.092(13) 1.96(2)
¢ 0.177(22) 0.17(2) 0.17(2)
a1 —0.0809(23) —0.065




TABLE III. Thermal OPE coefficients aa for light operators
in the XY model (N = 2).

Operator This work PR [2]
Pidi 0.644(22) 0.73(14)
Ty 1.991(68) 1.90(8)

(¢ii)? 0.184(25) 0.20(7)
¢ —0.0690(18) —0.0539

TABLE IV. Thermal OPE coefficients aa for light operators
in the Heisenberg model (N = 3).

Operator This work PR [2]
bi¢i 0.678(26) 0.76(14)
Ty 1.91(63) 1.81(8)

(¢ihi)? 0.189(20) 0.21(7)
¢ —0.0611(17) —0.0471

V. CONCLUSIONS AND FUTURE WORK

In this thesis, we reviewed the analytic thermal boot-
strap program [1] and successfully reproduced the results
of [2]. We focused on three main achievements regard-
ing thermal two-point functions. First, for the case of
zero spatial separation, we demonstrated that the ther-
mal two-point function can be expanded using general-
ized free field (GFF) correlators. Second, for the case of
non-zero spatial separation, we proposed a new approach
called the generalized method of images. We applied this
method to O(N) model and successfully calculated the
contributions from the ¢? operator. Third, we mathe-
matically proved the asymptotic behavior of heavy op-
erators. This provides a rigorous analytic proof for the
approximation used in previous studies [27]. Using this
proven behavior, we numerically determined the OPE co-
efficients for O(N) models with N = 1, 2 and 3, which
matched well with the original results of [2].

The thermal bootstrap program is still in its early
stages of development, presenting numerous open prob-
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lems. Among these, we focus on three future directions
of particular interest:

* Extension to holographic theories. A natural and
significant extension of this work is to apply the an-
alytic thermal bootstrap to holographic theories [6].
In the context of the AdS/CFT correspondence,
the thermal properties of the boundary CFT pro-
vide a window into the physics of black holes in
the bulk [4, 28]. A particularly compelling target is
the 4d N' = 2 partition function in the Nekrasov—
Shatashvili limit. This case is of special interest be-
cause the thermal two-point function in momentum
space is known from the gravity side [29], provid-
ing a benchmark for direct comparison. However, to
date, no study has fully determined this two-point
function relying solely on the conformal bootstrap
[6, 7]. Applying our framework to this limit would
therefore fill this gap and allow for a rigorous test
of the thermal bootstrap against holographic pre-
dictions.

* Beyond criticality. While this thesis focused on
conformal field theories at criticality, many phys-
ical phenomena of interest occur in theories de-
formed away from the critical point. Extending
the non-perturbative methods developed here to
non-conformal theories or massive deformations of
CFTs would be a major advancement. Such an ex-
tension would open new avenues for understanding
finite-temperature dynamics in realistic models and
could provide deeper insights into order-disorder
phase transitions [30-32] and the thermodynamic
structure of quantum field theories.

* Line defects and non-local observables. Finally, the
techniques presented in this thesis can be adapted
to study line defects wrapping the thermal circle,
such as Polyakov loops, which serve as order param-
eters for confinement-deconfinement transitions. In
particular, this would enable a rigorous study of
interesting physical defects, such as magnetic line
defects in O(N) models [33].
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